We adapt a general method to solve both the full and reduced Salpeter equations and systematically explore the conditions under which these two equations give equivalent results in meson dynamics. The effects of constituent mass, angular momentum state, type of interaction, and the nature of confinement are all considered in an effort to clearly delineate the range of validity of the reduced Salpeter approximations. We find that for J =0 the solutions are strikingly similar for all constituent masses. For zero angular momentum states the full and reduced Salpeter equations give different results for small quark mass especially with a large additive constant coordinate space potential. We also show that 1 m corrections to heavy-light energy levels can be accurately computed with the reduced equation.
Introduction
The instantaneous Bethe-Salpeter equation, or Salpeter equation [1] , is by far the most commonly employed relativistic wave equation in meson models with fermionic constituents. Until recently, almost all explicit calculations have used a simplified version known as the reduced Salpeter equation. The later becomes identical to the full Salpeter equation if at least one of the constituent masses is infinite.
The reduced Salpeter equation is of the standard eigenvalue (hermitian) type whereas the full equation is not. Its solutions are thus algebraically and numerically simpler than that of the full equation. For example, the reduced equation doesn't have negative energy solutions, nor does it have solutions with zero norm, both of which exist for the full Salpeter equation [2, 3] . More importantly, the reduced equation has variationally stable solutions for a wider range of kernel types than does the full equation [4, 5] . For example, there are no variationally stable solutions to the full Salpeter equation corresponding to pure scalar confinement. The reduced Salpeter equation, on the other hand, has well defined variationally stable solutions with scalar confinement. Also, the reduced equation is equivalent to the "no-pair" equation [6] proposed to cure the "continuum dissociation" problem in relativistic atomic physics. There are therefore historical, practical, and physical reasons for using the reduced equation. We outline here the conditions under which this can be done without sacrificing accuracy.
In the real world the constituent mass is never infinite, so one faces a quantitative question as to the practical region of validity of the reduced Salpeter equation. Our results here establish that for many purposes the reduced Salpeter equation is quite adequate and one can take advantage. An analysis involving heavy-light mesons with c or b quarks, or bb, cc, or ss onia states, does not incur serious error by using the reduced Salpeter equation. It is only for J = 0 states and with small quark masses where there can be significant differences between the full and reduced Salpeter solutions. Dynamical models involving light pseudo-scalar states such as the π, η, or K mesons can lead to serious errors if the full Salpeter equation is not used.
Our analysis draws heavily upon previous work [5] in which we have adopted Lagaë's method [2] to investigate the nature of full Salpeter solutions. Our principal conclusion was that the only linearly confining potential which yields linear Regge trajectories and has variationally stable solutions is a time component Lorentz vector. This confirms previous work done for the equal mass case [4, 7] .
In the present work we use the fact that stable solutions exist for the time component vector confinement in order to estimate the range of applicability of the reduced Salpeter equation. The desirable properties of the time component vector potential in the Salpeter equation does not mean that it should be used as a confinement potential, since it yields wrong sign of the spin-orbit interaction, disagreeing both with QCD and experiment. We also compare solutions to the full equation and its reduced version for an equal mixture of scalar and time component vector confinement. This type of mixed confining kernel has been recently used in [3] for the investigation of weak decays of heavy mesons. The vector confinement stabilizes the scalar confining part up to the case of equal mixtures. Phenomenologically, the scalar confining part is necessary to reduce the P -wave spin-orbit splitting. For this mixed confinement case we also explicitly demonstrate that the reduced Salpeter equation is adequate for the investigation of the heavy-light systems, such as D and B mesons, as well as for heavy onia. We also examine the extent to which 1 m corrections to heavy-light systems depend on which wave equation is used. We find that the difference is negligible even for D mesons.
In Section 2 we adapt Lagaë's formalism [2] Recently Lagaë has proposed an elegant formalism [2] for the reduction of the full Salpeter equation to a system of equations involving only radial wave functions.
One of the nice things about his method is that the transition from full to reduced Salpeter equations can be accomplished easily. In this section we briefly sketch the main points of this formalism as adapted to the reduced Salpeter equation.
We start from the Salpeter equation for a fermion-antifermion system in the CM frame of the bound state,
where the G i 's are Dirac matrices.
The reduced Salpeter equation is obtained by dropping the second term from
(1), and this is usually justified for heavy-quark systems on the grounds that
The resulting equation,
is a standard eigenvalue equation, and it has been used in a number of studies of relativistic bound states [8, 9, 10] .
In order to apply Lagaë's formalism [2] to the reduced Salpeter equation, we multiply (9) by γ 0 , and define
so that (9) becomes
where Using properties of projection operators, it can be easily shown that the full Salpeter amplitude satisfies
For the reduced equation, this constraint breaks into two parts,
Taking these constraints into account, the norm of the reduced Salpeter amplitude [11, 12, 13] can be written as
and is related to the normalization of bound states as
Using (12) inside of (16) one obtains
This equation will be used for obtaining radial equations from the variational principle as outlined in [2] . It is interesting to note that it has the same form for both full and reduced Salpeter equations.
Now, in the case of the full Salpeter equation, one expands the amplitude as
with 16 Hermitian matrices whose squares are unity (1, ρ i , σ, ρ i σ) defined in [2] .
Using this decomposition, it is easily seen that constraint (13) can be satisfied by expressing the 16 components of χ (L's and N 's) in terms of eight functions
The correct form for L's and N 's is given in [5] . For the reduced Salpeter equation, both constraints (14) and (15) can be simultaneously satisfied if
Following [13] , we obtain the radial equations by expressing L and N in terms of spherical harmonics and vector spherical harmonics [14] , so that
where Y − , Y 0 , and Y + , stand for Y JJ−1M , Y JJM , and Y JJ+1M , respectively. We also introduce functions n + and n − , defined as
Using these definitions inside expressions for the L's and N 's as given in [5] , together with properties of spherical and vector spherical harmonics, (18) can be expressed in terms of radial wave functions only. Then by taking variations with respect to
, and n * − (k), as explained in [2] , one obtains the set of coupled equations for the radial wave functions of the reduced Salpeter amplitude. We summarize these equations in Appendix A for the kernels γ 0 ⊗ γ 0 , 1 ⊗ 1 and γ µ ⊗ γ µ .
Numerical results
As outlined in Appendix B of [5] , one can solve the system of radial equations by [5] . In the limit where both masses go to zero, it can be easily seen that 0 −+ and 0 ++ equations are the same. Similarly, for J > 0 states the four radial equations for P = (−1) J and C = (−1) J (involving n 1+ , n 2+ , n 1− and n 2− ) decouple into two systems of two equations. The first one (involving n 1+ and n 2+ ) is the same as the system describing P = (−1) J+1 and C = (−1) J+1 states, while the second one (involving n 1− and n 2− ) is equivalent to the system describing P = (−1) J+1 and C = (−1) J states (and higher in energy, as can be seen in Figure 1 ). The m = 0 degeneracy is an example of the chiral symmetry of the vector potential and its
Wigner-Weyl realization through parity doublets.
In order to see the effects of the short range Coulomb potential, we have performed a similar analysis with V (r) = ar − κ r , using a = 0.2 GeV 2 and κ = 0.5.
The results are shown in Figure 2 . Again, the difference between full and reduced From this analysis, it is clear that the solutions of the reduced Salpeter equation
are nearly the same as those of the full one for the description of the heavy-heavy (cc and bb) mesons, and a very good first approximation even for the ss mesons (with s quark mass of about 500 MeV ). This justifies the assumption of Gara et. al. [10] that the reduced Salpeter equation could be used for the description of ss mesons. Although the time component vector interaction has many nice properties, it is flawed as a realistic quark confinement interaction. As pointed out earlier, it predicts "parity doubling" of meson states in the limit of zero quark mass. For large quark masses this difficulty appears as the "wrong sign" spin-orbit interaction which conflicts both with experiment and QCD.
Mixed confinement potentials
As already mentioned, recently a half-half mixture of the time component vector and scalar confinement has been proposed in [3] , together with a one gluon exchange kernel, for the investigation of weak decays of B and D mesons. In order to compare the full Salpeter equation with its reduced version in this type of model, we adopt the mixed confining kernel,
with
and for the short range potential we simply take
where
A confinement mixture of this type has been shown to have a stable variational solution [5] . For the parameters of the potential we choose a = 0.2 GeV 2 , C = −1.0 GeV , and κ = 0.5. Computation of the equal mass case is shown in Figure   8 (for the 0 −+ and 0 ++ states). As one can see, the differences between full and Of course, these results are dependent on parameters of the particular model.
However, in our analysis we have used values for a and κ that are typical in the hadron spectroscopy, and constant C that is perhaps slightly larger than usual. We have also restricted ourselves to constituent masses that are smaller than the usually assumed c quark mass. Therefore, we feel that our main conclusions would not be drastically altered if a different set of realistic parameters was used.
In order to illustrate this, we have chosen parameters of the potential to be as close as possible to the ones used in [3] (as given in their Table 1 ), i.e. m 1 = 0.2 GeV , m 2 = 1.738 GeV , a = 0.335 GeV 2 , C = −1.027 GeV , and κ = 0.521 (which corresponds to α sat = 0.391 in [3] ), and solved both equations for the 0 − and 0 + states, with the kernel described by (24-27). The differences between ground state energies were 5 MeV and 0 MeV , respectively, despite the large value of a. For the 0 − state, where the difference between the two solutions should be most obvious,
we have plotted the radial wave functions in Figure 10 . As one can see, the reduced wave function is a very good approximation for the full wave functions.
For the sake of simplicity, in the previous calculations we have used a short range potential with a fixed coupling constant, for which Murota [12] has shown most of the Salpeter amplitudes are divergent as r → 0. If one uses a running coupling constant, this divergence is less pronounced, but still present. That is precisely the reason why the short range potential used in [3] was regularized. In order to show the effects of regularization, instead of (27) we now take as in [3] V g (r) =
The constants a g and b g are determined by the condition that V g (r) and its derivative are continuous functions. The running coupling constant is parametrized exactly as in [3] , with their value of r 0 = 0.507 GeV 
Conclusions
The reduced Salpeter equation, also known as the no-pair equation, has long been used in dynamical models of mesons. It has also been long appreciated that it is an approximation to the full Salpeter equation and that the discarded portion only vanishes if at least one of the constituent masses is infinite. The reduced equation
has nevertheless been used because it has the standard hermitian form.
In this paper we have examined the conditions under which the reduced equation There remain a number of hadronic states with light quark masses in which the full Salpeter equation must be used. Differences up to 100 MeV were found between pseudoscalar masses at zero quark mass for the two equations.
In our comparison between the full and reduced Salpeter solutions we have considered both energies and wave functions. As was the case with the energy eigenvalues, we see large differences between the 0 − full and reduced wave functions for zero quark mass (see Fig. 4 ). The differences are largest at the origin, r = 0. As 
A Radial equations
In this appendix we give the final form of the radial equations for the reduced Salpeter equation for the kernels γ 0 ⊗ γ 0 , 1 ⊗ 1 and γ µ ⊗ γ µ . These equations represent a general case with a quark of mass m 1 and an anti-quark of mass m 2 .
However, one has to keep in mind that for J = 0 two wave functions vanish, i.e. we have N 0 = 0, and n + = 0.
As in [5, 2] we have used notation
with angles φ and θ defined as
while φ i 's are defined through
A i , B i and E i are defined in (4-6).
In the equal mass case the equations given below somewhat simplify, since one has E 1 = E 2 , φ = φ 1 = φ 2 , and θ = 0, so that S θ = 0 and C θ = 1. Also, since charge conjugation is a good quantum number in the equal mass case, the two P = (−1) J+1 state equations decouple into two separate equations, one corresponding to
, and the other corresponding to C = (−1) J+1 (involving N 0 ).
The heavy-light limit (m 2 → ∞) is obtained by setting
, so that S θ → C φ and C θ → S φ . As expected, in the heavy-light limit equations for the γ 0 ⊗ γ 0 and γ µ ⊗ γ µ kernels are the same. Also, in this case spin of the heavy quark decouples from the spin of the light quark, so that total angular momentum j of the light quark becomes a good quantum number. Inverting (22),
and also putting States with parity P = (−1) J+1 :
States with parity P = (−1) J :
A.2 1 ⊗ 1 kernel
States with parity P = (−1) J+1 :
States with parity P = (−1) J : 
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